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Quantum fields can be characterized by state functionals and corresponding functional equa-
tions. Within this functional representation exchange forces of composite particles are discussed for
the case of composite bosons which are bound states of two constituent fermions. The dynamics of
these bosons is formulated by means of a weak mapping theorem which establishes a map between
the functional equations for the composite boson quantum field and the constituent original fermion
quantum field. Evaluation of this theorem leads to expressions which can be identified as quantum
field theoretic “direct”” forces and exchange forces for or between composite particles. By some
theorems the exchange forces are evaluated and an estimate for them is given. The expressions for
the direct forces correspond to those which were already derived in previous papers to discuss

composite particle dynamics.

Key words: PACS 11.10: Field theory; PACS 12.10: Unified field theories and models;
PACS 12.35: Composite models of particles.

Introduction

One of the most outstanding problems in any atom-
istic theory of matter is to derive the formation and
reactions of composite particles by means of the dy-
namics of their elementary atomistic constituents. In
quantum mechanics this led to the discovery of the
fermion exchange forces between (and inside) com-
posite particles which have no classical counterpart
but nevertheless play an essential role in the formation
of matter. Thus if on a more advanced quantum
theoretical level matter is described by quantum field
theory one should rediscover these exchange forces in
field theoretic composite particle formalism. Although
in the past numerous efforts were made to develop
such a nonrelativistic and relativistic composite par-
ticle formalism in quantum field theory, so far no
satisfactory and systematic answers have been ob-
tained for the solution of this problem. This deficiency
is essentially related to the fact that so far field opera-
tor products were erroneously identified with the de-
scription of composite particles. Apart from technical
difficulties with path integrals etc. it was shown [1]
that this leads, for instance, to a formal bosonization
of fermionic theories which is not uniquely related to
the description of physical reactions by bound states,
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ie., definite composite particles. In consequence of
this, with operator product techniques it is also im-
possible to derive exchange forces correctly.

The use of field operator products for the derivation
of effective actions can be referred to as strong map-
ping. In order to avoid the drawbacks of strong map-
pings an alternative program has been started by one
of the authors which can be referred to as weak map-
ping of quantum fields [2].

Quantum field theories can be characterized by
functional equations. In contrast to the strong map-
ping by means of operator products, in the weak map-
ping procedure functional equations are mapped on to
effective functional equations in order to obtain an
effective composite particle dynamics. These weak
mappings respect the algebraic properties of quantum
fields and are free of the difficulties and insufficiencies
mentioned above, provided the basic quantum field
theories are sufficiently regularized.

The weak mapping has been exemplified for basic
spinor fields with four-fermion interactions and non-
perturbative Pauli-Villars regularization. In preceding
papers this mapping has been studied without taking
into account exchange terms [2]. In this paper the
effects of exchange terms are included, leading thus to
a complete mapping procedure between quantum
field theoretical functional equations.

In order to make the deduction as transparent as
possible we demonstrate this mapping again for the
spinor field theory already used. Furthermore, we
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confine ourselves to the special mapping of spinor
field functional equations onto boson field functional
equations.

A weak mapping theorem between such functional
equations was already derived in [1]. In contrast to the
technique used in Sect. 3, in the proof of this theorem
in [1] a map between functional spaces was considered
and in consequence a separation of “ordinary” and
exchange forces is not evident. Thus the theorems in
Sect. 4 which are based on the weak mapping theorem
of Sect. 3 for the first time allow this separation of
forces. As both weak mapping theorems are con-
cerned with the same problem they have to be equiv-
alent. A proof of the equivalence will be given else-
where.

For abbreviation, in the following a condensed
notation is used:

¢ .
0, = for greek small letter index,
0:
I
0 . : .
dro= 7 for latin capital letter index,
)1
0 . .
0, :=—— for latin small letter index,
ob,
{A, ... A,} = antisymmetrization of 4, ... A4, if not

otherwise stated;
in contrast {a,} means the seta,...a_ etc.

The summation convention is used throughout the
paper.

1. Fundamentals of the Model

The general spinor field model which is assumed to
be the basis of the theory is defined by the field equa-
tions (h=c=1)

04p(—17°C,+m)F Yyp(x)
=9 Vz’/iilj-((;l) l///iB(x) ‘/ZC(X) Wsp(x),
where the indices o, fi, ... and 4, B, ... describe spin
and isospin, respectively. The regularization is defined
by

(»i‘,“’("g+m)rcg

(1.1)

(1.2)
= (—i;*"("‘gﬁ-m)(—i‘,"‘("‘“—i—ml)(—i;""(}_—i—mz).

Due to the mass terms in (1.1) or (1.2), the correspond-
ing spinor field has to be a Dirac spinor-isospinor.
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Furthermore, the vertex operator is assumed to have

the form
2

shAB ,,hCD JhAD ,.hCB
Vighs =3 X (03”0350 —vag® vi5") (1.3)
h=1
with
vhgBi=104,0,8, h=1,2,
A1 s 2 . .5
Dapi=0,p; 02g:=1iv2;. (1.4)

The special form of the vertex operator is of no con-
sequence for the general mapping procedure. With
respect to its physical meaning we refer to preceding
papers [2].

According to the decomposition theorem [3] it can
be proved that the set of nonlinear equations r=0, 1, 2

Oqp(—iy* 5,1 +mr)1ﬂ (p[fBr(x)

=gi X VJJ%D ?pps(X) Py (X) @5pu(x)  (1.5)

stu
with my=m, is connected with (1.1) by a bi-unique
map defined by the compatible relations

Yeu(X) = @,40(X) + 9,41 (X) +9,42(X),
(p:zAr(x) = ;'r [(_lhl‘g €g+’nr+1)

=iyt O+ mei )], 048 Wpp(x), (1.6)

r=0,1, 2 cyclic.

Ao=m—m, )" m,—m, ;)" ",

By formulating the corresponding Lagrangean for
(1.5) it is easily seen that (1.5) is the nonperturbative
Pauli-Villars regularization of (1.1).

It is furthermore convenient to use the charge con-
jugated spinor instead of the adjoint spinor, which is
defined by

(p‘\Aj: C‘\i\1 (])\4] y (17)
Introducing the superspinors
Quaj1 = Puajs Pauja = Pyaj» (1.8)

we can formally combine (1.5) and its charge con-
jugated equations into one equation:

(DZ V4 Eu —'nZlZZ) wzl(x)

=> ljzﬂ:zg;zu $2,(xX) 9z,(x) 9z,(%) (1.9)
h
with Z :=(a, A, 1, A) and
=spinor index (x=1, 2, 3, 4),
A =isospin index (4=1, 2),
i =auxiliary field index (i=0, 1, 2),
A =superspinor index (A4=1, 2), (1.10)
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where the following definitions are used:

u B 1 AT N N N
Dzlzl =104, 04,45 Otz Ofgds

My,z, =M Oy5, 04,4, 006, 0n,a, s (1.11)

Th 5 oAb N Ak N s s
021232324 =g/, lzlzgoA,AzoAlAg(l C)1314 (),43/140/1310‘142-

By using the Lagrangean formulation of (1.5), the
canonical quantization procedure leads to the non-
vanishing equal time anticommutator

[0 (r, 1), 0 (K 0]y = Agy O(r—r'),

Agy =40

j 0js O G ha (CY°) (1.12)

aa’ *

The unknown representation space # of the theory
is spanned by the eigenstates of a complete set of com-
mutating observables. Following the general principles
of quantum field theory, any state |a) € # may be
characterized by the set of z-functions (time-ordered)

, X, Z,|a) (1.13)
=Q|n(TYz,(x))... ¥z, (x,))|a), neN, |a)eH,

T (X5 L s o mim

where 7 denotes the representation and | 2) the corre-
sponding vacuum state.

The algebraic representation of the system is already
fixed by considering the equal time limits in (1.13)

2. Functional Energy Representation

As already mentioned, the time-ordered state func-
tionals are redundant with respect to algebraic repre-
sentation theory. Therefore, for the successful applica-
tion of weak mappings the corresponding time-ordered
functional equations are not suitable. Their redun-
dancy has to be removed from the theory, which is
achieved by the transition to antisymmetric state func-
tionals
|, aly =

g r) g () 10> P dPr,

and their corresponding equations. However, even
these state functionals are not suitable for composite
particle theory because they contain disconnected
parts. For instance, for composite bosons which are
bound states of two constituent fermions all discon-
nected parts due to the Fermion propagator F, ,.(x — x')
have to be removed from (2.1) in order to obtain a
correct effective boson theory. Thus if we restrict
ourselves to this case we have to use the normal trans-
form | # ) := Z;[j]|.«/) instead of |.o7) itself.
A careful analysis yields the equation for | % ):

M &

1
. fa . Zy..F . 2, |0)

(2.1)

(E,—Ep)|F)>= sz(") Dgzl [Dlélzz Vk_leZZ] 522(") d’r|7)

+Zh: _‘. Jjz(r) iDgz, Ugl{zzz3z4}:dz4(r) dzg(") dzz(")ids" |7 >

(2.2)

+‘17 > jjz(") iDng Ugl{zlhz‘.; AZ4Z'AZ;Z”jZ’(r)jZ"(r) dzz(") d’r | &>
h

to a space-like hypersurface . Choosing a special
Lorentz frame we may transform o to the flat hyper-
surface t=0 leading to antisymmetrized operator
product matrix elements

a,(ts L1ty Z,| Q)
=LQ|n(LYz,(ry,0)... ¥z (r,. 0) |a)
nelN, |a)eH#, r,eR?

which are the basic quantities of the field theoretical
energy representation.

Furthermore, in order to obtain a compact descrip-
tion of the field dynamics it is necessary to introduce
generating functional states for the sets (1.13) or (1.14),
resp., with Grassmann algebraic sources j,(x) or j,(r),
resp., and to transform the field equations (1.9) into
corresponding functional equations. Thus in the
following we use for the discussion of the sets (1.13) or
(1.14), resp., these generating functional states.

with
dy(r):=8,(r) — [ E&.(r, ) jz.(r) &°F',

where F“ in (2.3) is the antisymmetric equal time limit
of the free field propagator F and A is the anticommu-
tator in (1.12). With the abbreviations

(2.3)

K, = iDg,z(Dlézz Vi—myz,) o(ri—r,), (2.4)
W/I';121314 = iDng quzzz3z4}
"0 —ry) o(ry—r3)o(ry—ry), (2.5)
Al;Iz = Azlzz o(ry—r,),
(2.2) can be written in the compact form
Wl Z [j1) = Klllzjll Elllr?[j]>
+% Wi, U, 0460 02 =3 K ji i ol ot
+GF, Fly+3 Arg Are) Jr, Jrje 87 (2.6)

—(Fp.r Ffw‘*i ApgArr) Flazl”jlljljl’jl”} F[jl>.



392 W. Pfister and H. Stumpf -

where w,,=(E,—E,) is the renormalized energy.
Equation (2.6) is the functional energy representation
of the spinor field theory. It is the basic equation with
respect to composite boson dynamics.

In order to perform weak mappings we have to
define the composite particle states. Since composite
particles have interactions they cannot be described
by exact solutions of (2.6), where all interactions are
taken into account within these solutions. Thus com-
posite particles are only a part of the total system and
we are forced to look for their mathematical counter-
part with respect to (2.6). To obtain composite particle
states, we consider by definition only the “diagonal
part” of (2.6), which is given by all particle number
conserving contributions of this equation [2]:

Pol 7 ) = 111 O F>

—Z Jr, (2.7)

11171;1431:1 1Jr 05,0, %)

The sets of solutions of (2.7) can be assumed to be
complete sets in R3" (n=1...). In particular we denote
the set of two particle solutions by {|.%>=Ci"2 j, j.,
k=1...}.

Due to the antisymmetry Ci''2= —C}>": even the
equal time functions {C/:'2} are redundant, because
their domain of definition {I,, I,} can be subdivided
into equivalence classes by means of a general order-
ing relation I, <I,. Choosing only one representative,
one can remove this redundancy. Thus we have to
consider the set {C;''*} on the ordered domain
{I,,1,,1,<I,}.This set contains bound states as well
as scattering states for spin zero and spin one con-
figurations. Thus we can assume that it is a complete
set of two-fermion states. In spite of the completeness
it is in general not an orthogonal set, since the eigen-
value equation (2.7) is not a Schrddinger equation
and the solutions {Cj*'2} have in general not the
meaning of quantum mechanical probability ampli-
tudes. About the connection of {C/*'2} with statistics
see [4]. The non-Schrodinger properties of the set
{C}2} are of no relevance for the weak mapping
theorem. It suffices to introduce a dual set {R} |
which is defined by the orthogonality and complete-
ness relations

Y Ri,

I <I,

Iy _ 1 5k
:Ck' _30’\'"

k 1715 17 515
%ngck’*:‘)lf o1y, I, <1y,
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It is convenient to rewrite (2.8) for the whole domain.
This gives
Y R}, Ciile=1 (511 6{2—6/ 6{2). (2.9)
k
In the same way the orthonormality relation can be
rewritten for the whole domain as

Z R, C

lll _()k

(2.10)

As the initial set {C;'"2} is explicitly known, the dual
set {R} ;,} can explicitly be constructed.

3. Weak Mapping Theorem

We study functional mappings of (2.6) which we
exemplify for the case of a transformation to a boson
theory. In order to perform such a mapping we have
to observe that the functional spaces are only auxiliary
embedding spaces which allow a compactified de-
scription of the field dynamics. Thus the mapping will
be concerned with the physically relevant matrix ele-
ments (1.14) and not with the state functionals (2.1)
themselves. Nevertheless, we expect that the result of
the mapping procedure can finally be expressed again
by functional states and equations. Therefore we pos-
tulate that the weak mapping of (2.1) can be formu-
lated by a boson state functional

A 1 A
|B[b]> = X — 0" by,

n=0 n!

b 10>, (31

where the functional embedding space is defined by
the relations

(O O] -=1[bi bp]-=0
(O bl - =dxrs 610> =0 (3.2)
with &, the dual of b, i.e. ¢,=b;. This boson func-

tional space is completely independent of the fermionic
functional space introduced in (2.1). Rather the rela-
tion between (3.1) and (2.1) is defined by the expression
(3.3)

| S

alv-Tom =(—q)y C‘Ill

(—1F
2n)!

_Ch,,l/‘,, 51‘1.”1‘-,.

f =

where { | = e

permutations. If the set {C;' | is

is a complete set, then there is a one to one correspon-
dance between the a- and g-coefficients of (2.1) and
(3.1).

By (3.3) a mapping between the fermionic state
functionals (2.1) and bosonic state functionals (3.1) is
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established. The consequences of this mapping with respect to the functional equation (2.6) can be formu-
lated by the following theorem:

Theorem 3.1. By the boson transformation (3.3) the functional fermion energy equation (2.6) is mapped onto the
functional boson energy equation

" LM\ . . Lo da ..
a0 PIABIB]) = 2R}y K,l,zka( pr )ckw[bb—}:_ Wi.inat, {6F,4MR’;<1Mka< ; ) O

k!
LM |I,M" LI, I.M
+12F; g RY 3 Ripg bklbk2W< Zk, 3k, )ak,‘ Oy, —2RE ka< 2k,3 ‘;( >a,,, O
1 2
1 P 1
—GF .t Ang Ank)p 2 (=1) 3

, I,M LMy M, M\ _
x [12R’;(M,(A2 Ry, mbibeV < zk ) Ot 8R';cllM,R?AZMZR‘;ZMMzbhb"zb"BW< Zk’ 3 7(,2 1) O, ck,2:|
1
1 P 1
+(Frk, Frax, Frox,+ 3 At A A ) p X (1) a0
: ! y M' M\ |
X [IZR’,‘(MK/12 R’,‘%KM b, b, P+48 R’,‘(MM R’,‘%M, R’,‘%K“ by by b V < | > 0,
M, M, | M;M <
FI6RY, s, R, a0, RE 0y RE, ae, b, b b b W( ga g ) oy ak,z}}w[bb (34)
1 2
with the definitions
© 1 , ,
P:= go — b b 10 RE o RE g CEV.. G 0, ... 8, . (3.5)
1,1, 2 1 Ky ki, (I Iy (KK K Kz
vV e )= gomb“...bk." 10> Rg k- RK,, ko G V2 Cit 2. . G2t 720 0] O, - - O, (3.6)
I I © { . !
W( L 14> = T rbiebi 10 By o By CHilaChlgR®s Cla-aKal 201 85 . by, »
Proof. We write (2.6) in the general form
| F[j1> = H#1j, AlZ1> . (3.8)
By projection we obtain the corresponding equations for the matrix elements
00| 3g,,... 0%, IZL/1> = o(— 1) a¥an K = 0| b, ... Oy, #1j, O] | Z 11D (3.9)

and with (3.3) we obtain from (3.9) the equation

wCE ke Chan-1Kad ghika= (0| 0y, ...0k, H#[), 0] | FLi]). (3.10)
Multiplication by RZ‘IKI e R’;(HZn—szn and summation yields with (3.5) the equivalent equation

@{0| &y, ...0, P|2BIb]) = R',‘(‘XKZ...R';"WlKZ" 0| dg,, .- Ok, #[j, AN F [j1). (3.11)

To complete the proof, also the right-hand side of (3.11) has to be represented in terms of boson field matrix
elements. In order to achieve this, each term of (2.6) has to be discussed separately. We first consider the term
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with j¢. According to (3.11) and (2.6) we have
Rkl er.

KKy "

_ pki kn
—RY, ..R

K>p-1Kon <0| (“.Kzn"'(ﬁl\'x K’ll:jll (“12|9:[]]> = Tl

2n
K[,IB Z (_1)11(11\1...1\,,1121\,.1...!\1,‘ (Slll(,
i=1

Kyp-1K2p
:R';(‘IKZ.._R’;\."MX,\.:"_:IK,l,zC‘k,’;‘;""ﬁ""“*"z"'*""C,ﬁl"““l"’(i,l,(1<0|c"‘kr"...("',\.;l-ﬂ[b]% (3.12)
Furthermore we evaluate
- k - -~ IZM -~ - ’
K11132RI,M <0|"k,,-~('klth K Cy | ALb]) =T,
k s o o - LM\, -
=K1, 2R p 2 044, <010y - O, Chy -V v O | A1b]) . (3.13)
i=1
By means of (3.6) we obtain
F= Ky, 2R 5 T du, Bl B poreB o
O GG Y (O] O - By, By - O B | BB (3.14)

n
_ ki ki ki kn (KK
=Ky, _Zl RK,A'JH- (Rllu_Rm,)'“RKJ,‘,lxz,, C,\,.l1 =
fie

A comparison with (3.12) shows that T, = T|. Thus we
can rewrite (3.12) by

T, = 0| ¢y, ..ok, #, b, 01| B[b]) (3.15)

with
N o (MY
H[b, 0]:= 2K, 1, R} p bV " Cp - (3.16)

The proof for the transformation of all other elements
of #[j, ] runs along the same lines. So we do not
explicitly discuss these terms. After having trans-
formed all terms we can rewrite (3.11) in the form

0| &, ... & P|B[B)>

=01 &y, ...00, b, 3| BIb]>.  (317)

n

As (3.17) holds for arbitrary projectors (0| ¢, ...¢, .
we obtain (3.4). [J

With respect to the physical interpretation one has
to compare the functional equation (3.4) with a “free”
boson theory. By definition, free boson fields have to
be abelian boson fields. In this case the general equa-
tion reads

OB =Ky b C | B), + Ay by by | B, (3.18)

WO G (BB v By | R TETY

and the boson field has a multiparticle free propaga-
tion with plane waves in IM*. Any further term in a
functional equation which is added to this free equa-
tion disturbs the free propagation and thus can be
considered as a force acting on the boson field. Among
such additional terms are those which can be reduced
to the introduction of local field operator interactions
in the original field equation of the bosons. These are
terms which are consequences of the classical picture
of pointlike bosons, thus they correspond to direct
forces. On the other hand, (3.4) contains terms which
reflect the nontrivial fermionic substructure of the
bosons and thus have no classical counterpart on the
pointlike boson level. Apart from formfactors which
modify the classical interactions to nonlocal inter-
actions, these additional terms are exchange terms
resulting from the substructure of the bosons and in
consequence lead to exchange forces between the
bosons themselves. Just the latter terms are respon-
sible for the complicated structure of (3.4). Thus, in
treating (3.4) it is the first task to investigate the com-
plications produced by exchange forces and to find
ranges where these forces may be neglected.



W. Pfister and H. Stumpf -

4. Separation of Forces

The boson functional energy equation simulta-
neously contains the direct forces and the exchange
forces. In order to study the effect of exchange forces
we have to separate the exchange forces from the di-
rect forces in (3.4). Obviously the principal part of
exchange forces is contained in the terms (3.5), (3.6),
(3.7). Thus we first treat these terms. We begin with
(3.5).

Theorem 4.1. Let / := (4, ... 4;) be a partition of n with

J
MEN; Ay=i,>...24 X Ai=n

and s,,...s, the multiplicities of identical values of the
/.y ...4;, then the following relation holds:

RY

KiK;"*

n! L St T RV A o4
2"y (vl)l*‘— k:~--’§'n ,

(2”)' part A 1 N '/1 / /1/

ki (K 1K> Ky Koo}
N o O - 4.1)

where

ok ,
k | {tr[R¥
/1 A

b
I [R¥s-1H1 G
J

Gy, - R¥1 G ... 4.2)

f1 o RMC 1}

1

and
Uomi=—p T — % {} 43)
lJ:ym' "'pk, n!ki...k;, g = =
Proof. Due to the permutations of {K,...K,,} the

left-hand side of (4.1) is either symmetric with respect
to k,...k, for fixed k) ...k, or symmetric with respect
to k' ...k, for fixed k, ...k,. Any term on the left-hand
side of (4.1) can be written as a partition of traces (4.2).
If all terms of (4.1) are expressed in this way, we obtain

K,...k,
vty haeokyp,  (44)

S

1
Lhs. @41) = 5 > M,

nj. part Ay...4;
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where {M; | are the corresponding multiplicity
factors. For fixed k,...k, the rhs. of (4.4) must be

symmetric in k... k.. Thus we have

k,...k,
vody (Kieky
Ay evidy

1
=X p Z AM;,,H.;.,»*,
n!

part A K s

> M,

part 4

(4.5)

K.k,
ki kb
inend,

On the other hand, the r.h.s. of (4.4) must be sym-

metric with respect to k, ...k, for fixed k... k.. Thus
we have with modified multiplicity factors m;
K,...k,
> ‘w;,lu.;. ki...k,
part A N /1/1
K, ...k
=2 m 5P X (ki..k (4.6)
part T T P

as an equivalent formulation of the symmetry prop-
erty. With (4.5), (4.6) and (4.3) we then obtain

nl K.k
> m;, ... ky...k, .
1) part 4 A e A3 sy

J

Lhs. (4.1) = (4.7

After having explicitly symmetrized we can apply
standard combinatorics by observing that the parti-
tions can be realized by appropriate distributions
of k, ...k, values. First the simultaneous interchange
of all C indices does not change the left-hand side of
(4.1). Thus the multiplicity m, _, must contain
the factor 2". Furthermore, with respect to k,...k,
the number of possible partitions leads to the factor
Al ! ... 4;1)7 ' if equal A-values are taken
into account. Finally the partitions allow internal
rearrangements which yield the factor 2% 71'...
25714, —1!...(4—1)!, and the factor (—1) comes
from fermlon permutations in (4.1). Thus we have

T A.0
AL

TLL28 Tl =D)L (4= 1)!

(sy! .. 7

which yields the r.hss. of (4.1). [

WA
5.t Al

With respect to (3.6) the following theorem holds:

Theorem 4.2. Using the definitions of Theorem 4.1 the following relation holds:

1

ki ky tIhiI> ~K,\K, Kapn-1Kzn} _
Ry 'R’\'zn 1Kan Ckl Ckz C kn+1 -

KiK3"*

(n+1!2ntt n
2(n+1))!

2n+1)

ki ki

111‘ {K1K> Kan - 1K2n}
KiK> """ " K2n-1K2n [k C : kn+1] (49)
. 2n—itlpg) Ky ky 1T,
>~ = Kk
part A Sl""Sr'/‘l"'/'j Ayt i
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1
with [n] =3 o permutation and
n)!

1=1 A+1

K -l Ly d s i - i y y .
Gk s T A [RY Gy R G 1[G, R RN =1 Gy 0000
Ay s dy
SRS G LLRSG, ], (410
Aj-1+2 kaj+1

while the symmetrization (4.3) is generalized to k,...k,,, and k)...k,.
Proof. Due to the permutations of {I,I,K,...K,,}, the left-hand side of (4.9) is symmetric with respect to
ky...k,+,. Thus we have

Lhs. (49) = RY ... R, ¢, Cpll2 G i, (4.11)
If we separate in {I,I,K,...K,,} those terms from the other terms where I,1, is exactly placed over one k,,
the symmetry in [k, ...k, ;] can be used to replace C,’( ;"Z on the first position and we obtain the first term on
the right-hand side of (4.9). In the remaining terms I,1, is distributed in such a way that two values k,, k, are
involved. If the product on the left-hand side of (4.9) is factorized into a product of traces, this yields definition
(4.10) (with omission of those terms already separated from (4.9)). Then the multiplicity factors have to be
determined. Their calculations run along the same lines as those of Theorem 4.1. We thus do not discuss this
in detail. [

The treatment of the last expression (3.7) is completely similar. Therefore, without further proof we formulate
the corresponding theorem:

Theorem 4.3. Using the definitions of Theorem 4.1 and 4.2 the following relation holds:
ki kn {0 31y ~KiIK> K>n-1K2n
R g ualip o G "EENEESE 6 ’

kp+2]
1 ki k; (I, 1 (K K K Ko
= RV _ ...R C ’ChlmC‘l 2 cKen-1Kan
2n+3)2n+1) Kk Kan-1Kan [k ks ko]
nt2 p n—=j+2
% 5 (_1)j+2ﬁ2/-—i_ I\ ll\\ 1 LI I47 ’ )
Q2n+4)! s syloes A d 20T ke .

where the bracket with I,...1, is the corresponding generahzatlon of definition (4.10) and the symmetrization
(4.3) is generalized to k,...k,,, and k}...k,. [

5. Estimate of Exchange Forces

After having evaluated those terms of (3.4) which correspond to exchange forces, we have to investigate the
problem under which conditions exchange forces are essential for composite boson physics or under which
conditions they can be neglected. For a first draft we will not use complicated (i.e. realistic) boson functions
(CI:12) Rather, with respect to exchange forces we assume that the essential property of wave functions {Cy!2}
is their spatial extension. In discussing only this aspect we restrict ourselves to a simple class of wave functions
which are used in nuclear physics, namely oscillator functions. We thus consider the set

! m: L
[Chie = {RE .. *] :={ ——exp (ik: - "u~>. kelR3} (5.1)
(2m)2m* 2
with z=1(r, +r,). u=(r;—r;) and m=c"" for h=c=1, where ¢ is the length scale expressed by the mass

scale m.
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The wave functions (5.1) describe moving boson states with momentum k relative to the general frame of
reference of the functional equation (3.4). The scale factor m=¢"" in (5.1) defines the spatial extension of this
function. According to special relativity, length scales ¢ of moving objects are contracted with respect to
observers in a rest frame. Thus m cannot be a constant but has to be transformed inversely to g, i.e., m=m/(k).
To calculate m=m (k) we assume that the composite bosons have a rest mass u. Then k? =2, ie. k3 =pu? + k2.
Furthermore it is k2=E?=pu*(1—f%) "' with f2=v? for h=c=1, and therefore by comparison (1— /%"
=(1+k?/u?). From this it follows

m(k) = m(1+k*/u?)?,

which has to replace m in (5.1).
With the set (5.1) for any m any trace expression can exactly be calculated. However, further evaluation of
the exchange terms can considerably be simplified if we consider large m. In this case we have

. 3 m? <

lim m3(2m) "2 exp —= w =96,

and thus we can approximately replace the oscillator functions by J-distributions. This yields
1

1
tr[R1 C,,...R¥ G ] = ( ) (k,.—k;)> (' I m i (k) m 2 (k) m® (k) (5.2)
i=1

i=1

and

tr[C, R¥1 C,, ... R¥ G, )12 ~ ClM2 exp [iz < 5 (ki-k;)>} [T m (k) m:(k))(n ). (5.3)
i=1

i=1
In the appendix the following inequalities are proven:

| § (e TR G B2 G, ot [RE491 G, RS G Tl 80 My il

3(n—j)
< <a~’i> 10 mae (54)
m

and
I_[{tr[R"'X C,”...R"'*x Ckll] ... [C,R%+1 G.., ...RKs+x Cksw]“l'z‘as

LA [REAC, RS Gl g 0% dky .,

L 3(m—j+1)
=< (G <a Z) |8liaz »  (5:5)

=1
where s:= Y 4,.
i=1
By means of these inequalities for (4.1) an estimate can be given. We decompose (4.1) into the partition 4;=1,
i=1...n and the rest. This yields

ki kn {K1K> Kyn-1Kon} —
RKIKI,...RKanlKZn Cp,"7.. Gy —

n!

1
7(271!) 2 <p ll;lnmékikﬁ "'5k;.k,-,"+R1>' (5.6)

If we consider the left-hand side of (5.6) as an integral
kernel which acts on ¢, we obtain by means of (5.4)

IR,| < "g s i"'— ( _‘“_>3(" ”. (5.7y without proof. This gives

j=1 parta Spl 8 Ay m . I

anp
For a further estimate of (5.7) we apply the following IR | < ;1 4;(n) < m > , (5.10)
inequalities "
n! < (n?y (5.8) where 4;(n) denotes the number of partitions with

sl s A b 4T ) exactly j trace factors in (4.1). If P(n) is defined by

and

J
277 =)L (= 1)1 < 2np (59) Eni= 2 4.(n), (L4
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then the relation

4;(n) = B(n—j) (512)
holds. Thus we can rewrite (5.10) as
n—1 anu\*
IR, < X P(k) . (5.13)
V=1 m
and by means of the generating function for the P (k). for (anu/m)® <1 we get the inequality
3
a
IR,| < n? (“) . (5.14)
m
In an analogous way (4.10) can be estimated. This expression can be written in the form
R‘[\(lll(z"' RI;(HE,I, Ko Cli‘lllll C‘\l'\zlkl" ) C"(\nzfl—ﬂ\zn} — R‘;(lle.“R‘;(nZ"_ Eye C[]kllll CLI;xl\z . C,I((:::]IKZ"I”}‘RZ
2n+1)
. (5.15)
with
1 k4 k, 11> ~{K|K> Koy - 1 Kont
2n+1) RK\KE-‘.RK_‘_H*IKZH C[’\‘l C‘\’: "'Ckml]
2n)!2(n+1) 2"n! . :
= - (0: 553 . 5.16
Q1) @m! 5,5, (D) R Tk Sk (2.20]
and
n+1)t 27+t &
IRy < S 2 sy (2R (5.1
2(n+1)! m

Finally we obtain for the first term on the right-hand side of (4.12)

1 ki k, I,1 (1 K <
< n 12 ~I51 {K1K> Krn-1K2n}
Iz Riiky Ry ikan Gy~ G5 Gy - G0
2n+3)2n+1)

(n+2)! 1
— e e 2n+27 41P .
2(n+2)! 8 ,»_,;,—_4 ( ) (n+2)!

AL oA g

nkipio

C;;.: M2 G B e By - (5.18)

For brevity we do not cite the inequality of the rest on the right-hand side of (4.12).
If we define a new state functional by

<1 2 <
A= T — gk b [0y =t Y — g*iknb, L by |0) (5.19)

=0 n! (2n)! w0, 1]

from (5.6), (5.16) and (5.18) we obtain the equations

(0, ... 00, PIALB)> = <O ... Cu, |1 BIH] . (5.20)
~ - ; 1112 -~ > ~ - Ivls A
Oy, V(717 ) Al BIBI = <01 &y . 4, G112 5,1 A1) (5.21)

LI,

0|¢, ...¢, W
<‘(I\” Ck, <l\

1,1 .
Z*) 0y O | BIB]> = <0| 8y ... 8, 3CH 1= CL3'4 6,0, | BIb]) (5.22)

if R,. R, and Ry are neglected.
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If (5.20), (5.21), (5.22) are substituted in (3.4), the following boson functional equation results:
Wy | A[b]) = ZRI;,M Khl: by CI{:M Op | BIb]> -2 W’I\’}; {21314} {6 FIJM R’;\',M by Ci'zll Cy
h

ki pka {I.2M' ~I3M™) A A k {2l ~I M) A A
+36F14MRK1M MM” hklh C CZ (ki‘k5*6RK1M bk Ck' Ckﬁ ' Oy Oy~

- (3F14K3 FIJK3+ % AlaKzAIJKJ)

p T (=1 ——mR K, Ri bibie C2Y 8+ 24RY, R\ RY o\ by, by, by UM CY2MY 5y, 6]
+(FI4K;F13K31:13K4+%AI4K2A13K3A12K4)
-pAZ (4)" i 2Ry, x, Rk, k, bube +48RY, \ R, o RK, x, bibi b CF™ 3,

+A8RY, ue, R, 1y R e RE . b, Bi b, Bie, G M2 CHOMS ﬁkifk,z]}wm. (5.23)

Within the (u/m)-approximation, (5.23) can be further simplified. If (5.23) is projected in configuration space,
terms which differ by the factor b, ¢, act on the same amplitude o**--*» Vk, . ,n=1...oc. Thus between such
terms an estimate can be made wih respect to their relative magmtude. Usmg (5.3), it follows that the term
with b, b, b, 0,,0,, is proportional to (u/m)’b, b, é,.. Thus, with respect to the term b, b, ¢, the term
by, by, by, ¢y, ¢y, can be neglected. Analogous relations hold for the terms with b, b, b, b, ¢, C,. b, by by ¢ and
b, b,.. Of the latter terms only the term b, b,. is left within this approximation.

Taking into account these estimates, from (5.23) we obtain the equation

Wao | A[b]) = 2R‘;1M Klllz CilM by 0y | # [b]>_% ngluzhm {6 FL.M KM Ckﬂ} by Oy
K, ks (1M’ ~I3M "} a0 féRk CH:h CI;M; b.0,. 0,
+36 F o Ry e Riaiae- G Gt by, by, Oy Oy kv L k" O Oy O
—(3F x, Frx,+ i Ak, Arx,) 12R:(K1K3 Rl}\y M wa by by Oy

F ., Fron, Frop ¥ 3 Args Avi Frax) 12 Rig ., R x5 by bk} | A[b]) . (5.24)

Equation (5.24) was first calculated in [2]. The
derivation of (5.24) in [2] is based on a technique which
was developed by one of the authors. By means of a
special functional chain rule with subsequent omis-
sion of those terms which are neglected within the
(u/m)-approximation one can derive (5.24) by a short-
cut calculation. By the theorems given in this paper
this technique is justified provided exchange forces

assume that the boson amplitudes ¢***-*» are bounded
Vk,...k,, n=1...00. If |§],.c 15 the amount of the
maximum value of ¢*'--*» and if (5.2) is taken into
account, we have the estimate

J
can be neglected. Lhs. (5.4) < |41, l—[ (A1)
with
Appendix 3 %i 3
Ap=(n 247 T mk,,, ) 2 mik;,_)° (A.2)
h=1

Due to the formfactors which act in the high energy

range of the boson equation (3.4), this equation corre- . h mk )—3 5 < S (k,—k, )> d3k. . d3k
sponds to a highly regularized field theory. We thus h=1 ! s '
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with s;:= Y /.. The integral in (A.2) can be trans-
k=1
formed into the expression

—3\Aii—1 al ’ -3 ’ 3 (#3);”'_1
A< ()0 T mkyg, )7 mik, ) 5
et ' T (miy

=1 ,
J [T A+xP)+d®,...d*, ;. (A3)

i=1

Observing that m(0) <m(k) we obtain from (A.3)

3N A= 1
Aig(n‘:)z,‘l<%§>

Ai—1 R
f [T (+x2) " d3,...d%, _,. (Ad)
i=1
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